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Abstract
Sharpe et al. proposed the idea of having an expected utility maximizer choose
a probability distribution for future wealth as an input to her investment problem
instead of a utility function. They developed a computer program, called The Dis-
tribution Builder, as one way to elicit such a distribution. In a single-period model,
they then showed how this desired distribution for terminal wealth can be used to infer
the investor’s risk preferences. We adapt their idea, namely that a risk-averse investor
can choose a desired distribution for future wealth as an alternative input attribute for
investment decisions, to continuous time. In a variety of scenarios, we show how the in-
vestor’s desired distribution combines with her initial wealth and market-related input
to determine the feasibility of her distribution, her implied risk preferences, and her
optimal policies throughout her investment horizon. We then provide several examples.
Keywords: inferring preferences, Distribution Builder, expected utility, forward in-
vestment performance
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1 Introduction
Theoretical models in single-agent investment are traditionally based on the classical
criterion of maximal expected utility of wealth. Despite its long history and sound
economic foundations, however, expected utility as a criterion for practical investment
choice faces many obstacles due to various difficulties for its specification. Some of these
difficulties have been addressed by making simplifying or ad hoc assumptions. Asset
managers, for instance, often make two such assumptions. First, they assume that
the investor has constant relative risk aversion. They then use so-called risk tolerance
quizzes to approximate the investor’s relative risk aversion coefficient.
Alternatively, one can focus on observable features of investors’ behavior. For in-
stance, Black (1988), among others, proposed to essentially bypass the utility concept
altogether and, instead, use the investor’s initial choice of optimal investment as the
criterion to determine future optimal allocations. In a related direction, several papers
have studied the specification of utility if one knows a priori the optimal allocations
that are consistent with this utility (see, among others, Cox and Leland (2000), He and
Huang (1994), Dybvig and Rogers (1997) and Cox et al. (2011)).
Sharpe and his collaborators took a different point of view in Sharpe et al. (2000),
Sharpe (2001), and Goldstein et al. (2008). They argued that, in practical situations,
investors can express desires about the distribution of their future wealth. To gather
such distributional data, they developed a computer program, called The Distribution
Builder, whose output is a probability distribution that the investor desires for her fu-
ture wealth. Then, in a single-period model and under the assumption that the investor
implicitly maximizes her expected utility of terminal wealth, Sharpe et al. showed how
this desired distribution can be used to recover the investor’s risk preferences.
Our work is inspired and motivated by this approach. The aim herein is to provide
a dynamic adaptation of their idea, which is to use a risk-averse investor’s desired
distribution for future wealth, rather than a utility function, as an input for optimal
investment. Given an investor’s desired distribution for future wealth and her initial
endowment, we study the following issues: if this distribution can be achieved in the
market, how it is achieved, and, finally, the risk preferences that are consistent with
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this choice of distribution. As in the work of Sharpe et al., we address, in a practical
way, both the normative issue of instructing investors how to achieve their goals as
well as the theoretical question of how to infer risk preferences that are consistent with
investment targets.
Given that we work beyond a single-period setting, the time at which the investor
wants to achieve her desired distribution is an important input parameter in the anal-
ysis. We consider two scenarios. In the first, we assume that the investor implicitly
maximizes her expected utility of terminal wealth in a fixed horizon setting, by which
we mean that the investor has a finite and fixed investment horizon that is specified
when investment begins. Within the fixed horizon setting, we consider two subcases
depending on whether the investor targets her distribution for terminal wealth or for
wealth at some intermediate time. This scenario is appropriate for an investor who is
certain about the length of her investment horizon and is not interested in exploring
investment opportunities beyond it while she is investing. In the second scenario, we
assume that the investor operates in a flexible horizon setting, by which we mean that
the time at which investment ends is not predetermined and could be finite or infinite.
The investor places her chosen distribution for wealth at some arbitrary future time.
This scenario is appropriate for an investor who does not want to commit at initial time
to a fixed investment horizon, or plans to invest for a very long time.
The market environment that we consider consists of risky stocks and a riskless
money market account. The stock prices are modeled as geometric Brownian motions
with time-varying deterministic coefficients.
Our results are as follows. In the fixed horizon setting, we show that the desired
distribution, the investor’s initial wealth, and market-related input are sufficient to
explicitly determine the feasibility of the investor’s choice of distribution, the opti-
mal strategy the investor should follow to attain her goal, and the investor’s terminal
marginal utility function. We obtain these results regardless of whether the investor
targets her distribution for terminal wealth or for wealth at an intermediate time.
We obtain analogous results for the flexible horizon setting. Here, the terminal-
horizon expected maximal utility criterion needs to be modified, and for this we use the
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so-called monotone forward investment performance criterion. Again, we show that the
investor’s desired distribution, her initial wealth, and market-related input are sufficient
to determine the feasibility of the distribution, the strategy that achieves it, and her
risk preferences.
In the fixed horizon setting, the method of proof relies on known representation
results for the optimal wealth process in terms of the solution to the heat equation
and on the work of Widder on inverting the Weierstrass transform. In the flexible
horizon setting, it is shown that the investor’s distribution, initial wealth, and market
input determine the Fourier transform of a particular Borel measure that is known to
characterize all objects of interest in the model under the monotone forward investment
performance investment criterion.
Our results show that in our model, a desired distribution for wealth at a single
future time, when combined with the investor’s initial wealth and an estimate of the
market price of risk throughout the investment horizon, explicitly determines the in-
vestor’s risk preferences, her optimal policies throughout, and the feasibility of her
chosen distribution. This result holds regardless of whether the investor is a classical
expected utility maximizer with a fixed investment horizon or whether she uses the
monotone forward investment performance criterion with a flexible investment horizon.
The paper is organized as follows. In section 2, we review the method underlying
The Distribution Builder. In section 3, we present the continuous-time model and
relevant background results on the expected utility and monotone forward investment
performance investment criteria. In section 4, we consider targeted wealth distributions
in the fixed horizon setting, while in section 5 we consider targeted wealth distributions
in the flexible horizon setting. We provide conclusions and directions for future research
in section 6.
4
2 Single-period investment model and its Distri-
bution Builder
To motivate the reader, we review the model setting and the method of The Distri-
bution Builder developed by Sharpe et al. (see Sharpe et al. (2000), Sharpe (2001),
and Goldstein et al. (2008)). Therein, three key model assumptions were made: i) the
state price density is solely expressed in terms of the stock price, ii) the investor is
implicitly an expected utility maximizer, but specifies her desired future wealth distri-
bution instead of her utility function, and iii) the investor wants to obtain her desired
distribution in a so-called cost-efficient manner. We elaborate on their model and on
these assumptions next.
The model is a single-period one having N > 2 distinct possible states Ω := {ωi}Ni=1,
each occurring with equal probability P{ωi} = 1N , i = 1, . . . , N . The market consists
of one riskless money market and one risky stock. The former has initial price B0 = 1
and is assumed to offer constant interest rate r > 0, i.e. BT (ωi) = (1+r), i = 1, . . . , N .
The stock has initial price S0 = 1 and its terminal values in the N states are deter-
mined by a discrete approximation to a lognormal distribution. This is accomplished
as follows. The logarithmic return of the stock is assumed to be normally distributed
with mean µ > 0 and standard deviation σ > 0. The resulting continuous distribution
is then lognormal and can be approximated by selecting N points with probablities
1
2N ,
3
2N , . . . ,
2N−1
2N from the inverse of its cumulative distribution function. This in turn
produces the vector ST of N equally probable states. Without loss of generality, it is
assumed that the states are in nondecreasing order,
ST (ωi) ≤ ST (ωi+1), i = 1, . . . , N − 1. (1)
Moreover, to preclude arbitrage in this model, the familiar assumption ST (ω1) < 1+r <
ST (ωN ) is introduced.
The market admits a state price density vector ξT , which is not unique because of
incompleteness. Sharpe et al. then make the ad hoc assumption that the logarithm of
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the vector ξT satisfies the linear relationship
log(ξT (ωi)) = a+ b log(ST (ωi)), i = 1, . . . , N, (2)
for some constants a and b. To find these constants, one uses the identities
1
N
N∑
i=1
ξT (ωi) =
1
1 + r
and
1
N
N∑
i=1
ξT (ωi)ST (ωi) = S0 = 1, i = 1, . . . , N,
to derive the equation
(1 + r)
N∑
i=1
SbT (ωi) =
N∑
i=1
Sb+1T (ωi). (3)
This equation then determines b and using (2) we, in turn, find a. It is easily shown
that if µ > r then the solution b to (3) exists, is unique, and is strictly negative.
The assumption that the stock price and state price density are related as in (2)
seems at first to be restrictive and arbitrary. This relationship, however, is consis-
tent with widely used models of asset prices, examples of which include multiperiod
iid binomial models in discrete time and the classical Black-Scholes-Merton model in
continuous time (see Sharpe (2001) for further discussion).
In this market environment, the investor starts with initial wealth x0 > 0 and sets
an investment goal, namely a probability distribution denoted by F , for her terminal
wealth. As we describe in detail below, the issue of whether F can be attained depends
on x0 and on market-related input. To achieve an attainable distribution, the investor
chooses at initial time how much money pi to allocate to the risky asset, with the
remaining quantity x0 − pi invested in the money market. Her wealth at time T is,
then, given by the random variable (recall S0 = 1)
XT (ω) = piST (ω) + (x0 − pi)(1 + r).
The wealth distribution F is characterized by its probability mass function, namely
P(XT = xi) =
ni
N
, ni ∈ {0, 1, . . . , N}, i = 1, . . . , N.
Therefore, F can be viewed as an N -vector, X¯F = {xFi }Ni=1, of wealth values where,
for each i = 1, . . . , N , we assign ni values equal to xi. Without loss of generality, the
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values of X¯F are assumed to be in nondecreasing order, i.e. xFi ≤ xFi+1, i = 1, . . . , N .
Given this assumption, there is a one-to-one correspondence between the distribution
F and the wealth vector X¯F , in the sense that for every distribution F there is a given
wealth vector X¯F , and vice-versa.
To find a terminal wealth random variable XT with a given distribution F , one
associates each of the N values in the vector X¯F with one of the N states of the world.
There are N ! possible such bijections and each has a potentially different associated
cost. For fixed j = 1, . . . , N !, let XjT : Ω → X¯F be such a bijection. Then, the cost of
the distribution F attained using the random variable XjT is found by computing the
inner product C(j), defined by
C(j) =
1
N
N∑
i=1
ξT (ωi)X
j
T (ωi).
Sharpe et al. assume that the investor is implicitly choosing a distribution that
maximizes her expected utility of terminal wealth. In a complete market, it is well
known that the optimal strategy of an investor who maximizes expected terminal utility
is cost-efficient, i.e. it achieves the so-called distributional price
PD(F ) := min
j=1,...,N !
C(j) (4)
of the distribution F (see Dybvig (1988a) and Dybvig (1988b)). This is not true,
however, in the incomplete market herein. The optimal strategy is not necessarily cost-
efficient. Nevertheless, Sharpe et al. assume that the investor does prefer to obtain her
desired distribution F using a cost-efficient strategy. One can then use the results of
Dybvig (1988a) to deduce that the strategy j∗, defined by
Xj
∗
T (ωi) = x
F
i , i = 1, . . . , N, (5)
is cost-efficient. Moreover, if j∗ also satisfies C(j∗) ≤ x0, then it corresponds to the
optimal investment strategy for the investor maximizing her expected utility of terminal
wealth.
We are now ready to review the results of Sharpe et al. on how to infer points on
the investor’s marginal utility curve from her desired distribution F . Given a wealth
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distribution F , one first determines the random variable Xj
∗
T via (5). Points along the
marginal utility curve are then determined by the first order conditions of the investor’s
utility maximization problem, which are
U ′T (X
j∗
T (ωi)) = kξT (ωi), i = 1, . . . , N, (6)
and
k (C(j∗)− x0) = 0,
where k ≥ 0 is the Lagrange multiplier associated with the budget constraint C(j) ≤ x0.
We recall that the strict positivity of the marginal utility function U ′T guarantees that
k > 0 and, therefore, the budget constraint is binding, i.e. C(j∗) = x0. Hence, it is
optimal for an expected utility maximizer to select a distribution F whose distributional
price in (4) is equal to her entire initial budget x0.
To summarize, the investor chooses a distribution F for her terminal wealth that
she would like to achieve by investing her initial wealth x0 > 0. It is assumed that the
investor would like to achieve this distribution in a cost-efficient manner and that she
implicitly maximizes the expected utility of her terminal wealth. These assumptions
then determine the budget constraint that F must satisfy, namely
x0 = C(j
∗) =
1
N
N∑
i=1
ξT (ωi)x
F
i ,
where {xFi }Ni=1 is the representation of F as an N -vector as described above. Fur-
thermore, the pointwise specification of the investor’s optimal terminal wealth random
variable is given by (5). The investor’s risk preferences are then described by an N -
point approximation of the investor’s marginal utility curve given by (6). Finally, the
model (a one period model with N possible states) is incomplete for N > 2, and so it
is not possible to uniquely determine the optimal initial allocation pi to the risky stock.
2.1 The Distribution Builder interface: How a user selects
a desired distribution for her future wealth
We briefly discuss an example using The Distribution Builder so that the reader will
be acquainted with one possible procedure for choosing a desired distribution for future
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Figure 1: The Distribution Builder User Interface. Reprinted from Sharpe et al. (2000).
wealth. We note, however, that in our continuous-time work herein we assume that
the investor chooses a distribution for future wealth, but we do not investigate specific
ways or tools she might use for this purpose.
The following example comes from a specific application of The Distribution Builder,
namely to elicit a desired probability distribution for the user’s income per year following
retirement. The interface for this application of The Distribution Builder is pictured
in figure 1. The vertical axis of percentages corresponds to the percentage of pre-
retirement income that will be realized annually in retirement. For example, if the
investor earned $100,000 in the year before retirement, the 75% row corresponds to a
subsequent annual retirement income of $75,000.
In an experimental setting, users are told that some reference point, which is 75% in
figure 1, is a typically recommended goal for annual retirement income. The reference
row can then be calibrated to represent the level of wealth that can be attained with
certainty by investing in the risk-free asset.
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The main area of the interface contains 100 markers, which are initially positioned
along the bottom of the screen. Each marker represents an equally-likely state of the
world, and the user is told that her realized outcome is represented by one of these
markers. Users are only able to submit distributions of a given fixed cost (expressed
as a percentage), and the cost meter on the left hand side of the interface adjusts
accordingly as the user places markers along the vertical axis. The user can submit a
distribution of markers only when the cost meter indicates that between 99 and 100
percent of the total fixed budget has been consumed. When satisfied with a particular
distribution that meets the cost requirement, the user submits it and the computer then
removes all but one of the markers, so that the user is able to experience the actual
realization of her desired distribution.
3 The continuous-time model and background re-
sults on investment performance criteria
We describe the market setting in which our investor operates, as well as known results
on related investment performance criteria. The background results concerning these
criteria will be used in the fixed horizon setting in section 4 and the flexible horizon
setting in section 5.
The market is complete and consists of a riskless money market and d risky assets
driven by d independent Brownian motions. The risky assets are modeled by time-
dependent geometric Brownian motions on Rd, i.e. for i = 1, . . . , d, the price Sit , t ≥ 0,
of the i-th risky asset satisfies
dSit = S
i
t
µi(t)dt+ d∑
j=1
σji(t)dW jt
 , Si0 > 0, (7)
where µi(t) and σji(t) are deterministic functions of time for i, j = 1, . . . , d, and t ≥ 0.
Here, W = (W 1, . . . ,W d) is a d-dimensional standard Brownian motion (regarded as a
column vector) defined on a complete filtered probability space (Ω,F , (Ft)t≥0,P) where
the filtration (Ft)t≥0 satisfies the usual conditions. It is assumed that µi(t) and σji(t)
are uniformly bounded in t ≥ 0, for all i, j. For brevity, we write σ(t) to denote
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the volatility matrix, i.e. the d × d matrix (σji(t)) whose i-th column represents the
volatility σi(t) = (σ1i(t), . . . , σdi(t)) of the i-th risky asset. We also assume that the
matrix function σ(t) is invertible for all t ≥ 0, and we will write this inverse as σ(−1)(t).
We can then alternatively write (7) as
dSit = S
i
t(µ
i(t) dt+ σi(t) · dWt). (8)
The riskless money market has price process Bt, t ≥ 0, satisfying B0 = 1 and
dBt = r(t)Btdt, (9)
for a nonnegative time-dependent interest rate function r(t), t ≥ 0, which is assumed
to be uniformly bounded in t ≥ 0. We denote by µ(t) the d× 1 vector with coordinates
µi(t) and by 1 the d-dimensional vector with every component equal to one.
We define the function λ(t), t ≥ 0, by
λ(t) := (σ>(t))(−1)(µ(t)− r(t)1), (10)
and we will occasionally refer to it as the market price of risk.
Assumption 1. The function λ(t), t ≥ 0, is continuous and uniformly bounded on
t ≥ 0. Furthermore, its Euclidean norm, |λ(t)|, t ≥ 0, is Hölder continuous, and there
exist positive constants c0 and c1 such that 0 < c0 ≤ |λ(t)| ≤ c1 for all t ≥ 0.
Starting at time t0 = 0 with initial endowment x0 > 0, the investor invests dy-
namically in the risky assets and the riskless one. The present values of the amounts
invested in the assets are denoted by piit, i = 1, . . . , d, and by pi0t , respectively. The
present value of her total investment is then given by Xpit =
∑d
i=0 pi
i
t, which we will refer
to as the discounted wealth generated by the (discounted) strategy pi = (pi0t , pi1t , . . . , pidt ).
The investment strategies pi play the role of control processes and are assumed to be
self-financing. Using (8), (9) and (10) we deduce
dXpit = σ(t)pit · (λ(t)dt+ dWt), t > 0, (11)
where pit = (piit; i = 1, . . . , d) is a column vector.
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The investor selects a portfolio process from an admissibility set A. A detailed
description of this set is given in the upcoming sections.
Finally, we introduce the auxiliary market input processes At andMt, t ≥ 0, defined
by
At =
∫ t
0
|λ(s)|2ds and Mt =
∫ t
0
λ(s) · dWs. (12)
We also recall the martingale Zt, t ≥ 0, given by
Zt = exp
{
−
∫ t
0
λ(s) · dWs − 1
2
∫ t
0
|λ(s)|2ds
}
= exp
{
−Mt − 1
2
At
}
. (13)
3.1 Background results on classical expected utility theory
We briefly review background results on the classical expected utility theory. These
results will be relevant in the fixed horizon setting considered in section 4.
The investor invests in [0, T ], with T > 0 being arbitrary but fixed. She derives
utility only from terminal wealth, with objective
v(x0, 0) := sup
pi∈AT
E [UT (XpiT )|Xpi0 = x0] . (14)
The set of admissible policies AT is defined as the set of Ft-progressively measurable
and self-financing portfolio processes pit, t ∈ [0, T ], such that E
∫ T
0 |σ(s)pis|2ds <∞, and
Xpit ≥ 0, t ∈ [0, T ], P-a.s., where Xpit solves (11). We will call an investor with the above
investment paradigm a Merton investor.
The utility function UT (·) satisfies the following standard assumptions.
Assumption 2. (i) The function UT : (0,∞) → R is twice continuously differen-
tiable, strictly increasing, and strictly concave.
(ii) The Inada conditions,
lim
x↓0
U ′T (x) =∞ and lim
x↑∞
U ′T (x) = 0, (15)
are satisfied
(iii) The inverse, IT : (0,∞) → (0,∞), of the investor’s marginal utility function U ′T
has polynomial growth, i.e. there is a constant γ > 0 such that
IT (y) ≤ γ + y−γ . (16)
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The stochastic optimization problem (14) has been extensively studied and com-
pletely solved (see, for example, Karatzas and Shreve (1998)).
The following result relates the Merton investor’s optimal wealth process and op-
timal portfolio process to the solution of the heat equation. It is well known that the
optimal policies in this model can be written in terms of a solution to a linear parabolic
terminal value problem (see, for example, Karatzas and Shreve (1998, Lemma 8.4 (p.
122))), but the idea of writing the optimal policies specifically in terms of the solution
of the heat equation first appeared in Källblad (2011) in the lognormal setting. We
state the results of Källblad (2011) next.
Proposition 3.1. Let x0 > 0 be the investor’s initial wealth and let λ(t) be as in (10).
Let h : R× [0, T ]→ (0,∞) be the unique solution to ht + 12 |λ(t)|2hxx = 0, (x, t) ∈ R× [0, T )h(x, T ) = IT (e−x) , x ∈ R, (17)
with IT satisfying (16). Then, the following hold.
i) The optimal wealth process X∗t , t ∈ [0, T ], is given by
X∗t = h
(
h(−1)(x0, 0) +At +Mt, t
)
, t ∈ [0, T ], (18)
where At and Mt, t ∈ [0, T ], are defined in (12) and h(−1) is the spatial inverse of h.
ii) The optimal portfolio process pi∗t , t ∈ [0, T ], that generates X∗t is given by
pi∗t = hx
(
h(−1) (X∗t , t) , t
)
σ(−1)(t)λ(t), t ∈ [0, T ]. (19)
3.2 Background results on forward investment performance
processes
We now review results on the so-called forward investment performance process. These
results will be relevant for the flexible investment horizon setting of section 5. The
forward investment performance process is an investment selection criterion developed
by Musiela and Zariphopoulou (see, among others, Musiela and Zariphopoulou (2008,
2009, 2010)) as a complementary alternative to the maximal expected utility theory.
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The main motivation for this approach is the ability to work in flexible investment
horizon settings and define for them time-consistent performance criteria for all times.
In this framework, an admissible investment strategy is deemed optimal if it generates
a wealth process whose average performance is maintained over time. In other words,
the average performance of the optimal strategy at any future date, conditional on
today’s information, preserves the performance of this strategy up until today. Any
strategy that fails to maintain the average performance over time is then suboptimal.
In contrast to the expected utility criterion considered earlier, the forward investor does
not specify her risk preferences for some terminal time. Instead, her risk preferences
are specified at initial time by an initial datum u0 and then evolve dynamically forward
in time for t ≥ 0.
Next, we recall the forward investment performance process. The set of admissible
strategies, A, is defined to be the set of Ft-progressively measurable and self-financing
portfolio processes pit, t ≥ 0, such that E
∫ t
0 |σ(s)pis|2ds < ∞, t > 0, and Xpit ≥ 0, t ≥
0, P− a.s., where the discounted wealth process solves (11).
Definition 1. Let u0 : (0,∞)→ R be strictly concave and strictly increasing. An Ft-
adapted process U(x, t) is a forward investment performance if, for t ≥ 0 and x ∈ (0,∞):
(i) U(x, 0) = u0(x),
(ii) the map x 7→ U(x, t) is strictly concave and strictly increasing,
(iii) for each pi ∈ A, E[U(Xpit , t)+] <∞ and E[U(Xpis , s)|Ft] ≤ U(Xpit , t), s ≥ t,
(iv) there exists pi∗ ∈ A for which E[U(Xpi∗s , s)|Ft] = U(Xpi
∗
t , t), s ≥ t.
We refer the reader to Musiela and Zariphopoulou (2009) as well as Källblad (2011)
for further discussion on the forward investment performance and its similarities and
differences with the classical value function.
3.2.1 Review of monotone forward investment performance processes
We focus herein on the class of time-decreasing forward investment performance pro-
cesses that will be used in our analysis in section 5. These processes were introduced
in Musiela and Zariphopoulou (2009) and Berrier et al. (2009) and further analyzed in
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Musiela and Zariphopoulou (2010). Therein, it was shown that time-decreasing forward
investment performance processes U(x, t) are constructed by compiling market-related
input with a deterministic function of space and time. Specifically, for t ≥ 0, we have
U(x, t) = u(x,At) (20)
where At, t ≥ 0, is as in (12) and u(x, t) is a smooth function that is spatially strictly
increasing and strictly concave, and satisfies
ut − 1
2
u2x
uxx
= 0, (x, t) ∈ (0,∞)× (0,∞)
u(x, 0) = u0(x), x ∈ (0,∞)
(21)
where u0 : (0,∞)→ R is the initial datum of Definition 1.
It is also shown in Musiela and Zariphopoulou (2010) that if h(x, t) is defined via
the transformation
ux(h(x, t), t) = e
−x+ t
2 , (x, t) ∈ R× [0,∞), (22)
then it is a positive and spatially strictly increasing space-time harmonic function,
solving the ill-posed heat equation
ht +
1
2
hxx = 0, (x, t) ∈ R× [0,∞)
h(x, 0) = (u′0)(−1)(e−x), x ∈ R.
(23)
Moreover, the associated optimal processes X∗t and pi∗t , t ≥ 0, can be written explicitly
in terms of market-related input and the function h, namely, for t ≥ 0,
X∗t = h
(
h(−1)(x0, 0) +At +Mt, At
)
(24)
and
pi∗t = hx
(
h(−1)(X∗t , At), At
)
σ(−1)(t)λ(t), (25)
where At and Mt, t ≥ 0, are as in (12) and the function h(−1) stands for the spatial
inverse of h.
As mentioned above, problem (23) (and, in turn, (21)) are ill-posed. Nevertheless,
as we review next, solutions do exist, though we expect the set of admissible initial
data u(x, 0) and h(x, 0) to be rather restricted. We elaborate on this in Remark 3.7.
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From the above, one observes that all objects of interest, including the risk pref-
erences of the investor, her optimal strategies, and the associated forward investment
performance process, are determined once the functions u and h are known and the
market price of risk is chosen (which yields the processes At and Mt). The study of the
functions u and h is therefore crucial to the understanding of the (forward) portfolio
choice problem.
Remark 3.2. Recall from Proposition 3.1 that a representation of the optimal policies
similar to (24) and (25) holds in the expected utility case. Note, however, that the har-
monic function therein depends on market parameters while, in the monotone forward
investment performance case, it does not (cf. (27)).
3.2.2 Analysis of the functions u and h
We recall some known analytical results concerning the representation of, and connec-
tions between, the functions u and h. Using Widder’s classical theorem, it was shown in
Musiela and Zariphopoulou (2010) that positive and spatially strictly increasing space-
time harmonic functions h can be represented in terms of a Borel measure ν that has
finite Laplace transform and support in the positive reals. Given such a representa-
tion, the function u is constructed using (22). Since the risk preferences and optimal
strategies of the investor are represented in terms of the functions u and h (cf. (20),
(24), and (25)), the measure ν emerges as the defining element in the entire analysis of
monotone forward investment performance processes. We specify ν in detail next.
Define B(R+) to be the set of finite Borel measures ν on R such that ν((−∞, 0]) = 0,
and consider the following subset of B(R+):
B+(R+) =
{
ν ∈ B(R+) :
∫ ∞
0+
ν(dy)
y
<∞ and
∫ ∞
0
eyxν(dy) <∞, x ∈ R
}
.(26)
The following result can be found in Musiela and Zariphopoulou (2010).
Proposition 3.3. i) Let ν ∈ B+(R+). Then, the function h : R × [0,∞) → (0,∞)
defined by
h(x, t) =
∫ ∞
0+
eyx−
1
2
y2t
y
ν(dy) (27)
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is a solution to (23) that is positive and spatially strictly increasing.
ii) Conversely, let h : R × [0,∞) → (0,∞) be a positive and spatially strictly in-
creasing solution to (23). Then, there exists ν ∈ B+(R+) such that h is given by (27).
Remark 3.4. The proof of Proposition 3.3 is based on the classical result of Widder
that characterizes nonnegative and spatially strictly increasing solutions to the back-
ward heat equation on the half line t ∈ [0,∞) in terms of a Borel measure ν with finite
Laplace transform. An analogous representation result can be obtained in the classical
maximal expected utility case for solutions to the related terminal value problem (17).
Indeed, one can show (see Widder (1975) and Wilcox (1980)) that h solves (17) if and
only if there exists a Borel measure ν˜ on R such that∫ ∞
−∞
e−
y2
2t ν˜(dy) <∞, t ∈ (0, T )
and
h(x, t) =
1√
2pi(AT −At)
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−At) ν˜(dy), (x, t) ∈ R× (0, T ).
In the expected utility case, we deduce via (17) that the measure ν˜ is absolutely con-
tinuous with respect to Lebesgue measure and is given by
ν˜(dy) = IT (e
−y)dy,
where IT is the inverse of the investor’s marginal utility U ′T . Thus we see from Propo-
sition 3.1 that all objects of interest in the classical expected utility model are also
specified once the market price of risk and a Borel measure encapsulating the investor’s
preferences are chosen. A parallel result holds in the monotone forward investment
performance case, as we will see below in Theorem 3.1 and Remark 3.8.
The next result characterizes analytically the set of measures B+(R+) and provides
a method by which one can find the measure ν given the function h. It will play a
central role in the proof of Theorem 5.1.
Proposition 3.5. i) A Borel measure ν is in B+(R+) if and only if its Laplace trans-
form is entire and
∫∞
0+
ν(dy)
y <∞.
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ii) Let h be given by (27) for some ν ∈ B+(R+). The mapping x 7→ hx(x, 0) is
the Laplace transform of ν and it has a unique analytic extension to C. Moreover, the
mapping
x 7→ hx(ix, 0)
is the Fourier transform of ν.
Proof. i) If the Laplace transform of ν is entire, then it is finite for all reals and is
therefore in B+(R+). Conversely, if ν ∈ B+(R+) then its Laplace transform is finite
everywhere and ν has moments of all orders. The rest of part (i) follows (see, for
example, Dybvig and Rogers (1997, Lemma 1 in the Appendix)).
ii) Using (27), we differentiate under the integral sign (justified using the dominated
convergence theorem) to obtain
hx(x, t) =
∫ ∞
−∞
eyx−
1
2
y2tν(dy).
Thus x 7→ hx(x, 0) is the Laplace transform of the measure ν. As ν ∈ B+(R+), we have
by the first part of the Proposition that the Laplace transform is entire. In particular,
its extension along the imaginary axis, x 7→ hx(ix, 0), is the Fourier transform of ν.
We now recall in detail the one-to-one correspondence between positive and spatially
strictly increasing solutions to (23) and spatially strictly increasing and strictly concave
solutions to (21). The following result can be found in Musiela and Zariphopoulou
(2010).
Proposition 3.6. i) Let h be a positive and spatially strictly increasing solution to (23)
and let ν be the associated Borel measure (cf. (27)). If ν also satisfies ν((0, 1]) = 0 and∫∞
1+
ν(dy)
y−1 <∞, then u : (0,∞)× [0,∞)→ R is given by
u(x, t) = −1
2
∫ t
0
e−h
(−1)(x,s)+ s
2hx
(
h(−1)(x, s), s
)
ds+
∫ x
0
e−h
(−1)(z,0)dz (28)
and satisfies
lim
x→0
u(x, t) = 0, for t ≥ 0. (29)
On the other hand, if ν((0, 1]) > 0 and/or
∫∞
1+
ν(dy)
y−1 =∞, then
u(x, t) = −1
2
∫ t
0
e−h
(−1)(x,s)+ s
2hx
(
h(−1)(x, s), s
)
ds+
∫ x
xˆ
e−h
(−1)(z,0)dz, (30)
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for xˆ > 0 with
lim
x→0
u(x, t) = −∞, for t ≥ 0. (31)
For each t ≥ 0, the Inada conditions
lim
x→0
ux(x, t) =∞ and lim
x→∞ux(x, t) = 0 (32)
are satisfied for both (28) and (30), respectively.
ii) Conversely, let u : (0,∞)× [0,∞)→ R be spatially strictly increasing and strictly
concave and satisfy (21) as well as the Inada conditions (32). If u satisfies (29),
then there exists ν ∈ B+(R+) satisfying ν((0, 1]) = 0 and ∫∞1+ ν(dy)y−1 < ∞ such that u
admits representation (28) with h given by (27). On the other hand, if u satisfies (31),
then there exists ν ∈ B+(R+) and either (i) ν((0, 1]) > 0, or (ii) ν((0, 1]) = 0 and∫∞
1+
ν(dy)
y−1 =∞, such that u admits representation (30) with h given by (27).
Remark 3.7. It follows from Proposition 3.6 that there exists a monotone forward
investment process with initial datum u0 if and only if the initial condition h(x, 0) for
the space-time harmonic function h, associated to u via (22), is given by
h(x, 0) =
∫ ∞
0+
eyx
y
ν(dy),
for some ν ∈ B+(R+). Therefore, the set of initial conditions for h and, thus of u, is
restricted to be those functions representable as a particular integral with respect to a
Borel measure with finite Laplace transform.
3.2.3 Solution to the model under monotone forward investment per-
formance criteria
We are now ready to recall the characterization of all objects of interest in the case
of the monotone forward investment performance criterion. Note that we introduce
condition (33), which is a stronger condition than is needed for the representations of h
(cf. (26)) and thus of u, but is sufficient to guarantee the admissibility of the candidate
optimal policy (35). The following result can be found in Musiela and Zariphopoulou
(2010).
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Theorem 3.1. i) Let h be a positive and spatially strictly increasing solution to (23),
for (x, t) ∈ R× [0,∞), and assume that the associated measure ν satisfies∫ ∞
−∞
eyx+
1
2
y2tν(dy) <∞, (x, t) ∈ R× [0,∞). (33)
Let At and Mt, t ≥ 0, be as in (12) and define the processes X∗t and pi∗t by
X∗t = h
(
h(−1)(x0, 0) +At +Mt, At
)
(34)
and
pi∗t = hx
(
h(−1)(X∗t , At), At
)
σ(−1)(t)λ(t), (35)
for t ≥ 0, x0 > 0, with h as above and h(−1) being its spatial inverse. Then, the portfolio
process pi∗t is admissible and generates X∗t , i.e.
X∗t = x0 +
∫ t
0
σ(s)pi∗s · (λ(s)ds+ dWs).
ii) Let u be a spatially strictly increasing and strictly concave solution to (21),
associated to h via Proposition 3.6. Let U(x, t), t ≥ 0, x > 0 be given by
U(x, t) = u(x,At). (36)
Then U(x, t) is a forward investment performance process and the processes X∗t and pi∗t
defined in (34) and (35) are optimal.
Remark 3.8. The measure ν encapsulates the investor’s risk preferences under mono-
tone forward investment performance criteria. To see this, recall that in the expected
utility framework, the investor’s initial wealth, market input, and her terminal utility
function comprise the set of inputs that are sufficient to solve the investment problem
(see Proposition 3.1). On the other hand, under monotone forward investment criteria
the sufficient set of inputs is composed of the investor’s initial wealth, market input and
an admissible Borel measure ν (rather than a utility function). Indeed, given an admis-
sible measure ν, one forms the function h via (27) and the function u via Proposition
3.6 (ν also determines the initial datum u0; see Remark 3.7). In turn, one forms the
investor’s optimal policy and forward investment performance process using Theorem
3.1.
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To close this section, we present the following scaling result, which shows that one
can normalize the function h and assume that the measure ν is a finite Borel measure
of arbitrary total mass. This fact will be used in the proof of Theorem 5.1. To this end,
we denote by h0 the total mass of ν and, with a slight abuse of notation, the associated
wealth process by X∗t (x0;h0), t ≥ 0.
Proposition 3.9. For h0 = ν(R), the optimal wealth process satisfies, for t ≥ 0,
k0
h0
X∗t (x0;h0) = X
∗
t
(
k0
h0
x0; k0
)
,
where k0 is an arbitrary positive constant.
Proof. Let hˆ(x, t) = k0h0h(x, t). Then,
X∗t (x0;h0) = h
(
h(−1)(x0, 0) +At +Mt, At
)
=
h0
k0
hˆ
(
h(−1)(x0, 0) +At +Mt, At
)
=
h0
k0
hˆ
(
hˆ(−1)
(
k0
h0
x0, 0
)
+At +Mt, At
)
=
h0
k0
X∗t
(
k0
h0
x0; k0
)
,
where we have used the fact that h(−1)(x0, 0) = hˆ(−1)
(
k0
h0
x0, 0
)
.
4 Targeted wealth distributions in a fixed invest-
ment horizon setting
In this section we consider a Merton investor with the fixed investment horizon [0, T ], for
some arbitrary positive terminal time T <∞. The investment horizon is preset at initial
time, when investment begins, and does not change throughout the course of investing.
First, we present the case where the investor chooses a probability distribution for
her terminal wealth. Subsequently, we consider an investor who chooses a probability
distribution for her wealth to be realized at some arbitrary intermediate time within
her investment horizon. In both cases, we show how, for a given initial wealth x0 > 0,
the investor’s targeted distribution and an estimate of the market price of risk can be
used to:
• determine if the chosen distribution is attainable in this market environment;
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• infer the investor’s risk preferences; and
• describe how the investor should invest to attain her goal.
We start with the family of distributions that we consider herein. Throughout,
the function Φ: R → (0, 1) denotes the distribution function of the standard normal
random variable.
Assumption 3. A chosen distribution function F : (0,∞) → (0, 1) for future wealth
is continuous, strictly increasing, and satisfies
F (−1)(Φ(x)) ≤ Kea|x|, x ∈ R, (37)
for some positive constants K and a.
4.1 Investment target placed at terminal time
We start with the case in which the investor specifies a desired distribution for her
terminal wealth. We address the three bullet points above. With regards to the second
point, we infer the investor’s risk preferences by finding her marginal utility function.
Theorem 4.1. Suppose the investor with initial wealth x0 > 0 targets her terminal
wealth X∗T to have distribution function F satisfying Assumption 3. Let At and Mt,
t ∈ [0, T ], be as in (12). Then, the following hold.
i) The investor’s target can be attained only if F satisfies the budget constraint
x0 =
1√
2piAT
∫ ∞
−∞
e
− y2
2AT F (−1)
(
Φ
(
y −AT√
AT
))
dy, (38)
where F (−1) denotes the inverse of F .
ii) If F satisfies (38), then the investor’s marginal utility function is given by
U ′T (x) = exp
(
−
√
ATΦ
(−1)(F (x))
)
. (39)
iii) The investor’s optimal wealth and portfolio processes are given, respectively, by
X∗t = h
(
h(−1)(x0, 0) +At +Mt, t
)
, t ∈ [0, T ], (40)
and
pi∗t = hx
(
h(−1) (X∗t , t) , t
)
σ(−1)(t)λ(t), t ∈ [0, T ], (41)
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where the function h is given by
h(x, t) =
1√
2pi(AT −At)
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−At)F (−1)
(
Φ
(
y√
AT
))
dy. (42)
Proof. If F is the desired wealth distribution function, then (18) yields
F (y) = P(X∗T ≤ y) = P
(
h(h(−1)(x0, 0) +MT +AT , T ) ≤ y
)
= P
(
MT ≤ h(−1)(y, T )− h(−1)(x0, 0)−AT
)
= Φ
(
h(−1)(y, T )− h(−1)(x0, 0)−AT√
AT
)
, (43)
where we used that MT is centered normal with variance AT (see (12)).
Next, we choose
h(−1)(x0, 0) = −AT , (44)
which, as we explain in detail in Remark 4.1, can be done without loss of generality.
From the above and (43), we then find that
h(x, T ) = F (−1)
(
Φ
(
x√
AT
))
, x ∈ R. (45)
To show i), observe that from (18), (44), and (45) we have
X∗T = F
(−1)
(
Φ
(
MT√
AT
))
.
On the other hand, it is well known (see, for example, Karatzas and Shreve (1998)) that
the budget constraint x0 = E(ZTX∗T ), where ZT is as in (13), is binding. Combining
the above, we deduce that
x0 =
1√
2piAT
∫ ∞
−∞
e
− y2
2AT F (−1)
(
Φ
(
y −AT√
AT
))
dy.
Recall that F satisfies the inequality (37) and, therefore, the above integral converges.
To prove ii), we use equality (45) and the terminal condition for h from (17) to
obtain
IT (e
−x) = F (−1)
(
Φ
(
x√
AT
))
, x ∈ R. (46)
Since IT = (U ′T )
(−1), we have that
U ′T (x) = exp
(
−
√
ATΦ
(−1)(F (x))
)
, (47)
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and (39) follows.
We note that the conditions limx↓0 F (x) = 0 and limx↑∞ F (x) = 1 on F ensure that
UT satisfies the Inada conditions (15). Moreover, the polynomial growth requirement
(16) on I necessitates the condition
F (−1)(Φ(x)) ≤ a+ aeb|x|, x ∈ R, (48)
for some positive constants a and b, for which (37) is sufficient.
Finally, to show iii), we recall that the function h satisfies (17). Replacing the
terminal condition with (46) and using the representation formula for the solution of
the Cauchy problem, we obtain (42).
Remark 4.1. It is well known that an expected utility maximizer’s optimal wealth
process is invariant under positively-sloped linear transformations of the utility function
UT . This fact leads to a crucial observation used in the proof of Theorem 4.1, namely
that the constant h(−1)(x0, 0) can be chosen, without loss of generality, to be any
real number. To see this, suppose that the investor has utility function UT . Let
IT = (U
′
T )
(−1) and solve (17) to obtain h, and suppose that h(−1)(x0, 0) = c1 ∈ R.
Now let U˜T (x) = ec1−c2UT (x), for some c2 ∈ R, c2 6= c1, be a positively-sloped linear
transformation of UT . Next, let I˜T (y) = (U˜ ′T )
(−1) and let h˜ be the solution to (17)
using I˜T in the terminal condition. It is then easily seen that I˜T (y) = IT (ec2−c1y) and,
in turn, that h˜(x, t) = h(x + c1 − c2, t). From this, one observes that the investor’s
optimal wealth process is invariant under this transformation, that is, using (18), we
have
X∗t = h
(
h(−1)(x0, 0) +At +Mt, t
)
= h˜
(
h˜(−1)(x0, 0) +At +Mt, t
)
, t ∈ [0, T ],
where At andMt, t ∈ [0, T ], are as in (12). Moreover, one obtains that h˜(−1)(x0, 0) = c2,
and we easily conclude.
Remark 4.2. Recall that in the works of Sharpe et al. (see Sharpe et al. (2000), Sharpe
(2001), and Goldstein et al. (2008)) the market is incomplete. As mentioned in section
2, the developers of The Distribution Builder introduce the additional assumption that
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the investor wants to achieve her distribution in a cost-efficient manner, in that any
other investment strategy that achieves the desired distribution costs at least as much.
This cost-efficiency property is guaranteed, however, in our complete market setting
with an expected utility maximizer over terminal wealth (see Bernard et al. (2012),
Dybvig (1988a) and Dybvig (1988b)). Indeed, a straightforward change of variables
shows that the budget constraint (38) can be rewritten as
x0 =
∫ 1
0
F
(−1)
ZT
(y)F (−1)(1− y)dy, (49)
where FZT is the distribution function of the state price density ZT defined in (13) and
F is the investor’s desired distribution function as in Theorem 4.1. The significance
of this is that the right-hand side of (49) is known to be the distributional price (see
Dybvig (1988a)), of the distribution F in the given market. That is, among all FT -
measurable random variables XpiT with distribution function F that can be achieved
using a strategy pi ∈ AT , the one requiring the least initial endowment is given by the
right-hand side of (49). Thus, the investor who maximizes her expected utility also
achieves her distributional price.
Example 1. Suppose the investor aims at acquiring lognormally distributed terminal
wealth, i.e. logX∗T is centered normal with variance b for some parameter b > 0. Note
that, initially, this choice does not specify a single distribution, but rather a family
of distributions parameterized by b. The budget constraint (38) then determines the
unique b that is consistent with the investor’s choice and utility criterion. To this end,
it is easily seen that the inequality (37) is satisfied, and therefore (38) yields that
x0 =
1√
2piAT
∫ ∞
−∞
exp
(
− 1
2AT
y2 +
√
b
AT
y −
√
bAT
)
dy = exp
(
b
2
−
√
bAT
)
. (50)
Straightforward manipulation of (50) yields the following necessary relationship be-
tween the investor’s wealth and the market, namely
AT + 2 log x0 = b− 2
√
bAT +AT =
(√
b−
√
AT
)2 ≥ 0,
which, in turn, yields that b =
(√
AT +
√
AT + 2 log x0
)2.
From (39), we deduce the investor’s marginal utility function,
U ′T (x) = x
− 1
β , with β := 1 +
∣∣∣∣1−
√
b
AT
∣∣∣∣.
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Therefore, we have two cases for the investor’s utility function:
(a) If β > 1, then
UT (x) =
1
1− 1β
x
1− 1
β .
(b) If β = 1, then UT (x) = log x.
The underlying harmonic function (see (42)) is then given by
h(x, t) = exp
(
βx+
1
2
β2(AT −At)
)
and, in turn, (40) and (41) yield the optimal policies
X∗t = x0e(
β− 1
2
β2)At+βMt and pi∗t = βx0e(
β− 1
2
β2)At+βMtσ(−1)(t)λ(t).
Example 2. Suppose the investor with initial wealth x0 > 3 targets that, if X∗T is her
terminal wealth, then the random variable g(X∗T ) has is centered normal with variance
b for some b > AT , where
g(x) = log(−1 +√1 + x), x ∈ (0,∞).
As in the previous example, this specifies only a family of distributions, and the
parameter b is determined through the budget constraint as follows. We have that
F (−1)(Φ(x)) = exp(2
√
bx) + 2 exp(
√
bx), and so the inequality (37) is satisfied. The
budget constraint (38) then shows the implicit relationship between the parameter b in
terms of x0 and AT , namely
x0 = exp
(
2(b−
√
bAT )
)
+ 2 exp
(
b
2
−
√
bAT
)
. (51)
It is easily seen that there is a unique b that satisfies (51) under our assumptions. From
(39), the investor’s marginal utility function is given by
U ′T (x) =
(−1 +√1 + x)−√ATb .
The underlying harmonic function in (42) is
h(x, t) =
(
exp
(
2
√
b
AT
x+ 2
b
AT
(AT −At)
)
+ 2 exp
(√
b
AT
x+
1
2
b
AT
(AT −At)
))
.
Using the above and (40) and (41), one can find the optimal wealth and portfolio
processes.
26
4.2 Investment target placed at an intermediate invest-
ment time
In Theorem 4.1, we showed that a Merton investor who specifies her desired distribution
for wealth at terminal time T will effectively determine her risk preferences at terminal
time, and, in turn, the optimal policy throughout. Next, we consider an investor
who specifies a distribution for her wealth to be realized at some arbitrary, but fixed,
intermediate time T̂ ∈ (0, T ).
As in Theorem 4.1, we find that the specification of this single distribution at time
T̂ , when combined with the investor’s initial wealth and market input, is sufficient to
determine the feasibility of the desired distribution, the optimal policies that achieve
the investor’s goal, and the investor’s risk preferences. The proof relies on the results
of Widder on the inversion of the Weierstrass transform (see Hirschman and Widder
(1955)).
Before we proceed, we introduce some additional technical assumptions on the in-
vestor’s chosen distribution.
Assumption 4. Let F : (0,∞) → (0, 1) be a chosen wealth distribution function.
Let T̂ ∈ (0, T ) and recall the function At, t ∈ [0, T ], in (12). Define the function
G : R→ (0,∞) associated to F by
G(x) := F (−1)
(
Φ
(
cx√
A
T̂
))
, with c :=
√
AT −AT̂
2
. (52)
We assume that:
(i) G extends analytically to an entire function on C;
(ii) G satisfies the growth condition
lim sup
|y|→∞
|G(x+ iy)|
|y|ey2/4 = 0, uniformly on closed subintervals of R containing x;
(iii) The function g : R× (0, 1)→ C defined by
g(x, t) :=
1√
4pit
∫ ∞
−∞
e−y
2/4tG(x+ iy)dy (53)
is real-valued and nonnegative for all (x, t) ∈ R× (0, 1).
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We are now ready to state the results. We recall that IT : (0,∞) → (0,∞) is
the inverse of the investor’s marginal utility function U ′T : (0,∞) → (0,∞), and that
Φ: R→ (0, 1) denotes the distribution function of the standard normal random variable.
Theorem 4.2. Suppose the investor with initial wealth x0 > 0 targets her wealth X∗T̂ ,
at some intermediate time T̂ ∈ (0, T ), to have distribution function F satisfying As-
sumption 3. Let At and Mt, t ∈ [0, T ], be as in (12). Then, the following hold.
i) The investor’s target can be attained only if F satisfies the budget constraint
x0 =
1√
2piA
T̂
∫ ∞
−∞
e
− y2
2A
T̂ F (−1)
(
Φ
(
y −A
T̂√
A
T̂
))
dy. (54)
ii) If F satisfies (54) and, in addition, Assumption 4, then the inverse IT of the
investor’s marginal utility function is given by
IT (x) =
1√
2pi(AT −AT̂ )
∫ ∞
−∞
e
− 1
2
y2
(AT−AT̂ )F (−1)
(
Φ
(
− log x+ iy√
A
T̂
))
dy. (55)
iii) If F satisfies (54) and, in addition, Assumption 4, then the investor’s optimal
wealth and portfolio processes are given by
X∗t = h
(
h(−1)(x0, 0) +At +Mt, t
)
, t ∈ [0, T ], (56)
and
pi∗t = hx
(
h(−1) (X∗t , t) , t
)
σ(−1)(t)λ(t), t ∈ [0, T ], (57)
respectively, where the function h is given by
h(x, t) =
1√
2pi(AT −At)
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−At) IT (e
−y)dy, (58)
with IT as in (55).
Proof. Recall that although the investor is specifying desired distributional data at time
T̂ ∈ (0, T ), her investment horizon is [0, T ]. If the investor targets her wealth at time
T̂ to have distribution function F , then (18) yields
F (y) = P(X∗
T̂
≤ y) = P
(
h
(
h(−1)(x0, 0) +MT̂ +AT̂ , T̂
)
≤ y
)
= Φ
(
h(−1)(y, T̂ )− h(−1)(x0, 0)−AT̂√
A
T̂
)
,
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where we used that M
T̂
is centered normal with variance A
T̂
. Inverting, we deduce
that
h(x, T̂ ) = F (−1)
(
Φ
(
x√
A
T̂
))
, x ∈ R, (59)
where, in analogy to the proof of Theorem 4.1 and Remark 4.1, we have chosen
h(−1)(x0, 0) = −AT̂ . (60)
To show i), observe that from (18), (59), and (60) we have
X∗
T̂
= F (−1)
(
Φ
(
M
T̂√
A
T̂
))
. (61)
Recall Z
T̂
from (13). Then, (61) yields
x0 = E(ZT̂X
∗
T̂
) =
1√
2piA
T̂
∫ ∞
−∞
e
− y2
2A
T̂ F (−1)
(
Φ
(
y −A
T̂√
A
T̂
))
dy,
where the first equality is due to the well-known budget constraint in this model (see,
for example, Karatzas and Shreve (1998)) and the fact that ZtX∗t , t ∈ [0, T ], is a P-
martingale. Recall that F satisfies the growth condition (37), and thus the above
integral converges.
To prove ii), first note that by (59) and the uniqueness of the solution to (17), we
must have
F (−1)
(
Φ
(
x√
A
T̂
))
=
1√
2pi(AT −AT̂ )
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−AT̂ ) IT (e
−y)dy, x ∈ R. (62)
By a change of variabless, we deduce that this is equivalent to
F (−1)
(
Φ
(
cx√
A
T̂
))
=
1√
4pi
∫ ∞
−∞
e−(x−y)
2/4IT
(
e−cy
)
dy, (63)
where c :=
(
1
2(AT −AT̂ )
) 1
2 . Next, we note that the right-hand side of (63) is the
Weierstrass transform of the function x 7→ I(e−cx). By Hirschman and Widder (1955,
Theorem 12.4 (p. 204); see also Definition 3.2 and Theorem 3.2 (p. 180)), for such
a representation to exist and to converge for all x ∈ R, it is necessary and sufficient
that the function G : R → (0,∞), defined in (52), satisfies conditions (i), (ii) and (iii)
of Assumption 4. Under these conditions, Widder’s theorem on the inversion of the
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Weierstrass transform (see Hirschman and Widder (1955, Theorem 7.4 p. 191)) yields
that
IT (e
−cx) = lim
t↑1
g(x, t) = lim
t↑1
1√
4pit
∫ ∞
−∞
e−y
2/4tG(x+ iy)dy, a.e. x ∈ R, (64)
with g as in (53). On the other hand, because both sides of (64) are continuous in x,
this equality holds for all x ∈ R. Moreover, since G satisfies the growth condition (ii)
of Assumption 4, the integral in (64) is dominated by∫ ∞
−∞
|y|e−y2/4te−y2/4dy =
∫ ∞
−∞
|y|e− (1+t)4t y2dy ≤
∫ ∞
−∞
|y|e−y2/2dy.
Since the dominant integral converges and is independent of t, we have by the dominated
convergence theorem that
IT (e
−cx) = lim
t↑1
g(x, t) =
1√
4pi
∫ ∞
−∞
e−y
2/4G(x+ iy)dy,
which yields (55) after a change of variables.
Finally, part iii) follows from the representation formula for the solution of the
Cauchy problem (17).
Example 3. Suppose the investor desires lognormally distributed wealth at time T̂ ∈
(0, T ), i.e. logX∗
T̂
is centered normal with variance b for some b > 0. As in Example
1, we note that this specifies only a family of distributions. The budget constraint (54)
implies that
A
T̂
+ 2 log x0 = b− 2
√
bA
T̂
+A
T̂
=
(√
b−
√
A
T̂
)2
≥ 0,
and therefore, the distribution that is consistent with the investor’s choice and criterion
has parameter b given uniquely by
b =
(√
A
T̂
+
√
A
T̂
+ 2 log x0
)2
.
The function G (see (52)) then becomes
G(x) = ekx, with k :=
√
AT −AT̂
2
(
1 +
∣∣∣∣1−
√
b
A
T̂
∣∣∣∣
)
.
This function satisfies (i), (ii) and (iii) of Assumption 4.
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Using (55), we easily see that the inverse of the investor’s marginal utility is given
by
IT (e
−x) = eβx−k
2
, with β := 1 +
∣∣∣∣1−
√
b
A
T̂
∣∣∣∣.
Therefore, the investor’s marginal utility function is given by
U ′T (x) = e
− 1
β x
− 1
β ,
while the underlying harmonic function (see (58)) is h(x, t) = e−k2 exp
(
βx+ 12β
2(AT −At)
)
.
Hence (56) and (57) yield the optimal policies
X∗t = x0e(
β− 1
2
β2)At+βMt and pi∗t = βx0e(
β− 1
2
β2)At+βMtσ(−1)(t)λ(t).
5 Targeted wealth distributions in a flexible hori-
zon setting
We continue our study of how an investor’s desired distribution for future wealth can be
used to recover her risk preferences and construct her optimal policies. In the previous
section, we considered a Merton investor with a fixed investment horizon [0, T ]. In this
section, we allow for the investor to have flexibility in her investment horizon. There are
practical reasons for allowing such flexibility. For instance, the investor may not know
a priori until when she will be investing, or may wish to invest indefinitely, or may wish
have the flexibility to roll over her portfolio or otherwise extend her investment horizon
beyond the original prespecified terminal time. Flexibility in the investment horizon
falls outside the classical fixed-horizon Merton problem. An appropriate investment
criterion is instead the forward investment performance framework, which we reviewed
in section 3.2. Similar to the fixed horizon setting of section 4, we show how the
investor’s targeted distribution, her initial wealth, and an estimate of the market price
of risk can be used to:
• determine if the chosen distribution is attainable in this market environment;
• infer the investor’s risk preferences at initial time and describe how they change
dynamically throughout the investment horizon; and
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• describe how the investor should invest in the market to attain her goal.
5.1 Investment target at an arbitrary point for an investor
without a fixed terminal horizon
We consider an investor in a flexible investment horizon setting who places a desired
distribution for wealth at some fixed, but arbitrary, future time. The following result
shows that the investor’s desired distribution for future wealth, when combined with her
initial wealth and market input, determines the Fourier transform of a Borel measure
ν ∈ B+(R+), where B+(R+) is as in (26). As discussed in section 3.2.1, this measure
is the defining element for the functions u and h in the monotone forward investment
performance framework. If, in addition, the measure satisfies (33), then one can also
find the optimal wealth process, the optimal investment strategy pi∗ that achieves it,
and the forward investment performance process via (34), (35), and (36), respectively.
We recall that the function Φ: R → (0, 1) denotes the distribution function of the
standard normal random variable, and we denote by φ its density.
Theorem 5.1. Suppose the investor with initial wealth x0 > 0 targets her wealth X∗T
at some time T ∈ (0,∞) to have distribution function F satisfying Assumption 3. Let
At and Mt, t ≥ 0, be as in (12). Then, the following hold.
i) The investor’s target can be attained only if F satisfies the budget constraint
x0 =
1√
2piAT
∫ ∞
−∞
e
− y2
2AT F (−1)
(
Φ
(
y −AT√
AT
))
dy. (65)
ii) If F satisfies (65), then the Fourier transform of the underlying measure ν is
given by
ϕν(x) =
1
AT
√
2pi
∫ ∞
−∞
e
− (ix−y)2
2AT
φ
(
y√
AT
)
f
(
F
(
Φ
(
y√
AT
)))dy, (66)
where f is the density of F . Moreover, if u0 is the investor’s initial datum, then
u′0(x) = exp
(
−h(−1)0 (x)
)
, (67)
with h0 given by
h0(x) =
∫ ∞
0+
eyx
y
ν(dy). (68)
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iii) If the above measure ν satisfies (33), then the investor’s optimal wealth and
portfolio processes are given by
X∗t = h
(
h(−1)(x0, 0) +At +Mt, At
)
, t ≥ 0, (69)
and
pi∗t = hx
(
h(−1) (X∗t , At) , At
)
σ(−1)(t)λ(t), t ≥ 0, (70)
respectively, where h is given by
h(x, t) =
∫ ∞
0+
eyx−
1
2
y2t
y
ν(dy). (71)
Proof. Let h(x, t) be given by (27) for some ν ∈ B+(R+). Recall from Proposition 3.9
that we can assume, without loss of generality, that ν has arbitrary total mass. There-
fore, we assume that ν is such that it satisfies
∫∞
0+
e−AT y
y ν(dy) = x0 or, equivalently,
that
h(−1)(x0, 0) = −AT . (72)
Then, using (34), we obtain that
X∗T = h(MT , AT ). (73)
If the investor targets her wealth at time T to have distribution function F , then using
that MT is centered normal with variance AT , we deduce that
F (y) = P(X∗T ≤ y) = Φ
(
h(−1) (y,AT )√
AT
)
(74)
and, in turn, that
h(x,AT ) = F
(−1)
(
Φ
(
x√
AT
))
. (75)
Part i) then follows from the well-known budget constraint in this model (see, for
example, Karatzas and Shreve (1998)), (73), (75), (13), (72) and (37).
We now prove ii). By (23) and (75), the function h must solve ht +
1
2hxx = 0, (x, t) ∈ (0,∞)× (0, AT )
h(x,AT ) = F
(−1)
(
Φ
(
x√
AT
))
, x ∈ (0,∞).
(76)
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Condition (37) implies that the terminal data satisfies the Tychonov condition (see
Friedman (1964, Chapter 1)) and so the unique solution to (76) is given by the convo-
lution
h(x, t) =
1√
2pi(AT − t)
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−t)h(y,AT )dy.
Since x 7→ h(x,AT ) is differentiable almost everywhere, we obtain
hx(x, t) =
1√
2pi(AT − t)
∫ ∞
−∞
e
− 1
2
(x−y)2
(AT−t)hx(y,AT )dy.
By Proposition 3.5, we then conclude that the function ϕν : R→ C given by
ϕν(x) = hx(ix, 0)
=
1√
2piA2T
∫ ∞
−∞
e
− (ix−y)2
2AT
φ
(
y√
AT
)
f
(
F
(
Φ
(
y√
AT
)))dy
is the Fourier transform of the implied measure ν. Equations (67) and (68) then follow
from (21), (22), and Proposition 3.3.
Part iii) follows by Theorem 3.1 and (27).
Remark 5.1. The growth assumption (37) for the distribution F in Assumption 3 can
be slightly relaxed. Indeed, in order for the Tychonov condition to be satisfied in (76),
it is sufficient that
F (−1)(Φ(x)) ≤ Keax2 , x ∈ R, (77)
for some positive constants K and a < 12 . In Example 6, we analyze a case in which F
satisfies (77) but not (37).
Example 4. Suppose that the investor desires lognormally distributed wealth at time
T , i.e. logX∗T is centered normal with variance b for some b > 0. Working as in
the previous examples, in order to specify the distribution that is consistent with the
investor’s choice and criterion, we use the budget constraint (65) to find that
AT + 2 log x0 = b− 2
√
bAT +AT =
(√
b−
√
AT
)2 ≥ 0.
Thus, b is given uniquely by
b =
(√
AT +
√
AT + 2 log x0
)2
.
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Using this and (66), the Fourier transform of ν is then given by
ϕν(x) = β exp (ixβ) , with β := 1 +
∣∣∣∣1−
√
b
AT
∣∣∣∣.
We easily see that this is the Fourier transform of the Dirac point mass ν = βδβ , which
satisfies the admissibility condition (33). Using (67) and (68), we find that u′0(x) = x
− 1
β
and, using (27), we deduce that h(x, t) = eβx−
1
2
β2t.
The associated optimal wealth and portfolio processes are given by
X∗t = x0e(
β− 1
2
β2)At+βMt and pi∗t = βx0e(
β− 1
2
β2)At+βMtσ(−1)(t)λ(t).
Finally, we deduce the investor’s forward investment performance process. If, for in-
stance, β > 1, the investor’s forward investment performance is given by
U(x, t) =
β
β−1
β
β − 1x
β−1
β e−
β−1
2
At .
Example 5. Suppose that the investor with initial wealth x0 > 3 desires that, if X∗T is
her wealth at time T , then the random variable g(X∗T ) is centered normal with variance
b for some b > AT , where g : (0,∞)→ R is given by g(x) = log(−1 +
√
1 + x). Again,
note that this is a family of distributions. Using the budget constraint (65) we find
that
x0 = exp
(
2
(
b−
√
AT b
))
+ 2 exp
(
b
2
−
√
AT b
)
. (78)
Under our assumptions, it is easily seen that there is a unique b that satisfies (78).
Next, the Fourier transform of the implied measure ν is found via (66). Specifically,
ϕν(x) = 2
√
b
AT
(
exp
(
2ix
√
b
AT
+ 2b− 2
√
bAT
)
+ exp
(
ix
√
b
AT
+
b
2
+
√
bAT
))
=
√
b
AT
(
k1 exp
(
2ix
√
b
AT
)
+ k2 exp
(
ix
√
b
AT
))
,
where the constants k1 and k2 are given by
k1 =
2e2b−2
√
bAT
e2b−2
√
bAT + 2eb/2−
√
bAT
and k2 =
2eb/2−
√
bAT
e2b−2
√
bAT + 2eb/2−
√
bAT
.
The implied measure ν is then given by the sum of Dirac point masses:
ν = k1βδ2β + k2βδβ, with β =
√
b
AT
.
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Using (68) and (67), we in turn deduce that
u′0(x) =
(√
2
k1
x+
k22
k21
− k2
k1
)− 1
β
.
Moreover, it easily follows that ν satisfies (33). Using (71) we then find
h(x, t) =
k1
2
e2βx−2β
2t + k2e
βx− 1
2
β2t.
From there, one can apply formulae (69), (70), and (36), to find the optimal wealth
process, the optimal investment policy that generates it, and the forward investment
performance process that are consistent with the investor’s preferences.
We conclude this section by considering one case where the range of the investor’s
wealth is the entire real line. Although we do not systematically consider investment
problems in which wealth can become negative herein, we nevertheless provide an infor-
mal example. It was shown in Musiela and Zariphopoulou (2010) that representation
results for the optimal policies and the forward investment performance process in terms
of a Borel measure ν hold in the case of possibly negative wealth. These representation
results are similar to those in subsection 5.1 in the case of nonnegative wealth.
Example 6. Suppose the investor targets her wealth at time T to have distribution
function
F (y) = Φ
(√
1 + 1/ATH
(−1)(y)
)
,
where Φ is the standard normal distribution function, and H : R→ R is given by
H(x) =
∫ x
0
e
1
2
z2dz.
We assume that the investor’s initial wealth is such that the budget constraint (65) is
satisfied. Note that F satisfies the growth condition (77) but not (37). Nevertheless,
as mentioned in Remark 5.1, the conclusions of Theorem 5.1 hold.
After some tedious but straightforward calculations, we deduce via (66) that the
Fourier transform of the implied measure ν is given by
ϕν(x) = e
− 1
2
x2 .
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This is the characteristic function of a standard normal random variable, and so ν(dy) =
1√
2pi
e−
1
2
y2dy. Note, however, that this measure ν violates condition (33) for t > 0 and
satisfies only (26). In this situation, one can work with the so-called local forward
investment performance process (see Musiela and Zariphopoulou (2010, section 2)).
6 Comments and conclusions
6.1 Time-consistency of distributional investment targets
Besides the feasibility conditions we considered in sections 4 and 5, it is natural to
investigate whether an investor who desires a certain wealth profile at time T1 can also
choose a wealth profile at a different time T2, T1 6= T2. The market model considered
herein, however, is not general enough to allow for this to be done in an arbitrary way.
Indeed, Theorems 4.1, 4.2, and 5.1 demonstrate that, along with the investor’s initial
wealth and market input, the specification of a single desired distribution for future
wealth fully determines the investor’s optimal wealth process at all times within the
investor’s investment horizon. Hence, the investor in the market considered herein is
only permitted to choose a distribution for wealth at one future time, in both the fixed
and flexible horizon settings. This choice determines her wealth process pointwise, and
thus in distribution, at all other times.
6.2 Role of initial wealth
The investor’s initial wealth x0 plays an important, albeit subtle, role in our work. The
choice of x0 is arbitrary but fixed throughout the paper. The initial wealth, together
with the investor’s choice of distribution and market input, comprises the set of nec-
essary inputs for the analysis. Indeed, the three inputs are interrelated via the budget
constraints (see (38), (54) and (65)). Therefore, the set of distributions attainable in a
given market environment depend strongly on the investor’s initial wealth; varying the
initial wealth generally results in a different set of attainable distributions.
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6.3 Conclusions and future directions
Sharpe et al. proposed the idea of having an expected utility maximizer choose a
probability distribution for future wealth as an input to her investment problem instead
of a utility function. The essence of their method is that an investor selects a desired
probability distribution for future wealth and, subject to her initial wealth and market
constraints, is then told the optimal policies and risk preferences consistent with that
choice. We extended this normative approach to a continuous-time complete market
framework with variable market coefficients. This results in added flexibility as to when
the investor would like to realize her desired distribution as well as flexibility with the
investment horizon itself.
Our method relies on being able to estimate the market price of risk, and one possible
direction for future work is to address how to formulate and solve similar questions in
a complete or incomplete market with stochastic market coefficients. We have also
seen that the investor cannot arbitrarily choose multiple distributions for future wealth
throughout the investment horizon in the model considered herein, regardless of whether
she is a Merton investor or a forward investor with monontone performance criteria.
Perhaps the selection of multiple distributions for future wealth can be done in a more
general market model. Finally, another extension would be to consider a multi-period
model, in the sense that the investor places a distribution for wealth at some future
time T1, invests optimally on [0, T1], and then at time T1 selects another distribution
for wealth to be placed at time T2 > T1, having realized her wealth random variable at
T1 according to the previously chosen distribution. These are all subjects of ongoing
research.
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Appendix: Proof of Proposition 3.1
For completeness, we provide the proof of Proposition 3.1, which is an adaptation of
the result of Källblad (2011) for the case of constant coefficients.
Proof. Under Assumptions 1 and 2, it is well known (see, for example, Karatzas and
Shreve (1998)) that the optimal wealth process is given by X∗t = ψ(kZt, t), where the
function ψ : (0,∞)× [0, T ]→ (0,∞) is defined by
ψ(y, t) = EQ
[
IT
(
y
ZT
Zt
)]
.
Herein, EQ denotes expectation under the equivalent martingale measure QT given by
dQT
dP = ZT where ZT is as in (13), while the Lagrange multiplier k > 0 is the solution
to
E[ZT IT (kZT )] = x0. (79)
Moreover, by the polynomial growth assumption (16) on IT and the Hölder continuity
of |λ(t)|, it is known (see Karatzas and Shreve (1998, Lemma 8.4 (p. 122))) that
ψ ∈ C((0,∞)× [0, T ]) ∩ C2,1((0,∞)× [0, T )) and solves the Cauchy problem ψt(y, t) + 12 |λ(t)|2y2ψyy(y, t) + |λ(t)|2yψy(y, t) = 0, (y, t) ∈ (0,∞)× [0, T )ψ(y, T ) = IT (y), y ∈ (0,∞),
and that, for each t ∈ [0, T ), the function y 7→ ψ(y, t) is strictly decreasing.
Next, we define a function h : R× [0, T ]→ (0,∞) by
h(x, t) := ψ(e−x+
1
2
At , t),
where At is as in (12). Then
h(x, T ) = IT
(
e−x+
1
2
AT
)
. (80)
Since the investor’s optimal strategy is invariant under positive dilations of the argu-
ment of IT (·) (by Remark 4.1), we can assume the terminal condition is h(x, T ) =
IT (e
−x). We then have that h ∈ C(R× [0, AT ]) ∩ C2,1(R× [0, AT )) and solves ht(x, t) + 12 |λ(t)|2hxx(x, t) = 0, (x, t) ∈ R× [0, T )h(x, T ) = IT (e−x) , x ∈ R. (81)
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Let h(−1) denote the spatial inverse of h, which exists by the spatial monotonicity of ψ
and the relation hx(x, t) = −ψy(e−x+ 12At , t)e−x+ 12At > 0, (x, t) ∈ R × [0, T ). Observe
that by (79) we have h (− log(k), 0) = ψ(k, 0) = E[ZT IT (kZT )] = x0, and hence the
underlying Lagrange multiplier satisfies
k = e−h
(−1)(x0,0). (82)
For t ∈ [0, T ], we then have
X∗t = ψ(kZt, t) = ψ
(
e−h
(−1)(x0,0)e−Mt−
1
2
At , t
)
= ψ
(
e−(h
(−1)(x0,0)+Mt+At)+ 12At , t
)
= h(h(−1)(x0, 0) +Mt +At, t), (83)
and (18) follows.
Next, we recall the evolution of the optimal wealth process
dX∗t = σ(t)pi
∗
t · (λ(t)dt+ dWt), t ∈ [0, T ]. (84)
For t ∈ [0, T ], let Nt := h(−1)(x0, 0) +Mt +At and observe that Nt = h(−1) (X∗t , t) , t ∈
[0, T ], by (18). By Itô’s formula, the process X∗t , t ∈ [0, T ], given in (83) satisfies
dX∗t =
(
ht(Nt, t) +
1
2
|λ(t)|2hxx(Nt, t)
)
dt+ hx(Nt, t)dNt
= hx
(
h(−1) (X∗t , t) , t
)
λ(t) · (λ(t)dt+ dWt). (85)
Equating coefficients in (84) and (85), we find that the optimal portfolio process pi∗t is
given by
pi∗t = hx
(
h(−1) (X∗t , t) , t
)
σ(−1)(t)λ(t), t ∈ [0, T ],
which yields the representation (19) for the optimal portfolio process provided it is
admissible. The admissibility is guaranteed by the polynomial growth assumption (16)
on IT and the uniform boundedness of λ(t) on [0, T ] (see Karatzas and Shreve (1998,
Theorem 3.5 (p. 93), and Remark 6.9(ii) (p. 97))).
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